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Abstract 

An {L,d)* -coloring is a mapping </> that assigns a color </>(?;) G 
L{v) to each vertex v £ V{G) such that at most d neighbors of v 
receive colore A graph is called {m, d)* -choosable, if G admits 

an (L, d)*-coloring for every list assignment L with > m for 

all V £ V{G). In this note, it is proved that every toroidal graph, 
which contains no adjacent triangles and contains no 6-cycles and 
Z-cycles for some I € {5, 7}, is (3, l)*-choosable. 
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1 Introduction 

Graphs considered in this paper are finite, simple and undirected. A 
toroidal graph G = (V,E,F) is a graph embedded on the torus, where 
V, E and F denote the set of vertices, edges and faces of G, respectively. 

A face of an embedded graph is said to be incident with the edges and 
vertices on its boundary. Two faces are adjacent if they share a common 
edge. In particular, two adjacent 3-faces are often referred as adjacent 
triangles. The degree of a face / of G, denoted by dcif), is the number 
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of edges incident with it. Note that each cut-edge is counted twice in the 
degree. A k-vertex (or k-face) is a vertex (or a face) of degree fc, a fc~-vertex 
(or fc~-face) is a vertex (or a face) of degree at most k, and a fc"'"-vertex (or 
fc+-face) is defined similarly. An n-face / is called an (Zi, ^2, • ■ ■ , ^n)-face if 
the vertices incident with / have degree li,l2, . ■ ■ ,ln sequentially. A cycle 
is called an m-cycle if it is of length m. Undefined terms and notion follow 

n 

For each vertex v S V{G), we assign a set of colors, L{v) (called it 
list), to V. An L- coloring with impropriety d for non- negative integer d, 
or simply [L, d)*-coloring, is a mapping cf) that assigns a color (j){v) € L{v) 
to each vertex v G V{G) such that at most d neighbors of v receive colore 
4>{v). For integers m > c? > 0, a graph is called (m, d)*-choosable, if G 
admits an (L, d)*-coloring for every list assignment L with |i(i;)| > m for 
all V e V{G). An (m, 0)*-choosable graph is simply called m-choosable. 

It is a hard problem to decide if a plane graph is 3-choosable, even for 
triangle-free plane graphs. Thomassen proved that every plane graph of 
girth at least 5 is 3-choosable 0- In [H], Voigt and Wirth constructed a 
family of triangle- free plane graphs that is not 3-choosable. In ^HIj it was 
proved that every triangle-free plane graph containing no 8- and 9-cycles 
is 3-choosable. However, the 3-choosability of triangle-free plane graph 
without 6- and 7-cycles is still open. 

The concept of list improper coloring was first introduced by Skrekovski 
0], and Eaton and Hull [21, independently. They proved that every plane 
graph is (3, 2)*-choosable and every outerplanar graph is (2, 2)*-choosable. 
Skrekovski investigated the relationship between (m, d)*-choosability 
and the girth in plane graphs. For instance, he proved every plane graph G 
is (3, l)*-choosable if its girth, g{G), is at least 4, and is (2, c?)*-choosable if 
g{G) > 5 and d > 4. In .3_, it was showed that every plane graph without 
4-cycles and /-cycles for some I G {5, 6, 7} is (3, l)*-choosable. 

For toroidal graphs, Xu and Zhang |5] proved that every toroidal graph 
without adjacent triangles is (4, l)*-choosable. In this note, we make the 
further restriction (3, l)*-choosability on toroidal graphs to improve Xu 
and Zhang's result to (3, l)*-choosable. 

Let G denote the family of toroidal graphs containing no adjacent trian- 
gles and containing no 6-cycles and /-cycles for / G {5, 7}. The main result 
is to show that every graph in G is (3, l)*-choosable. In order to prove 
the main theorem, we use the technique of "discharging" to obtain several 
forbidden configurations for the graphs in G and state as a theorem below. 

Theorem 1. For every graph G G G , one of the following must hold: 
(!) S{G) < 3. 

(2) G contains two adjacent Z-vertices. 

(3) G contains a (3, 4, 4)-/ace. 
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(4) G contains a (3, 4, 3, 4) -/ace. 

As a consequence of the above result, we can prove the foUowing 
Theorem 2. Every graph in Q is (3, 1)* -choosable. 



2 Proofs of the theorems 

In the proof of Theorem ^ we use the technique of discharging. In the 
beginning, each vertex v is assigned a charge "^"^"^ — 1 and each face / 

is assigned a charge ^^^^^ — 1- By foUowing the rules stated in the proof 
of the theorem, we will redistribute the charges for the vertices and faces 
so that the new chages are nonnegative and the sume of the new charges 
is still the same as before, which leads to a contradiction to Euler's formula. 

Proof of Theorem ^ Assume to the contrary that the theorem does not 
hold. Let G be a connected toroidal graph in Q satisfying 6{G) > 3, every 3- 
vertex is adjacent to only 4+-vertices, and G contains neither (3, 4, 4)-faces 
nor (3, 4, 3, 4)-faces. 

Recall that we can rewrite Euler's formula + — = for toroidal 
graphs as 



Defining a charge function cj on V{G)LIF{G) by letting lj{v) — i^^inl _ i 
if w e V{G) and uj{f) = - 1 if / e F{G). Then the total sum of the 

charges, ExGV(G)ui=^(G) '^(^)' zero. 

For two elements x and y of V{G) U F{G), we use W{x — » y) to denote 
the charge transferred from x to y. 

Case 1. G E Q contains neither 5- nor 6-cycles. 

By the choice of G, it is easy to have the following observation. 

{Oi,i) G contains no 5- and 6-faces, no adjacent 4^-faces. 

Let w be a fc-vertex of G and / a 3- or 4-face incident with v. Denote 
the number of 3- or 4-faces incident with u by r„ . Then it is not hard to 
see r„ < [|j . 

The new charge function uj'{x) is obtained by following discharging rules 
given below: 



(Ri.i) For aU v and /, W{v /) = i if fc = 4; W{v -> /) = 5 if A: > 5. 




(1) 



feF{G} 
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(i?i.2) Each 7+-face transfers ^ to each of its adjacent 4 -faces. 

Reader is reminded that a face may be adjacent to another face multiple 
times. Now, we ought to prove that uj'{x) > for any x € V{G) U F{G). 
If fc = 3, then = uj{v) = 0. 

If = 4, then n, < 2 and lu'{v) > lu{v) - ^ = > 0. 
If fc > 5, then uj'{v) > uj{v) - ^ = > q (^^^.g ^^lat r„ < 2 if 

k = 5). 

Let / be an /i-face of G. If h > 7, thentj'(/) > uj{f)~h-^ = ^^^^ > 0. 

If /i = 3, by (Oi,i), / is adjacent to three 7+-faces. Since G contains no 
adjacent 3- vertices and contains no (3, 4, 4)-face, / is either incident with a 
5^-vertex and a 4+-vertex or incident with three 4"*'-vertices. In the former 
case, / receives at least ^ from the 5+-vertex and receives at least i from 
another 4"'"-vertex, and hence 

-'(/)>^ + J + ^+3.1>0. (2) 

In the latter case, / receives at least ^ from each of the vertices incident 
with it, and hence 

c^'(/)>^ + 3-i + 3-^>0. (3) 

If ft, = 4, then / is adjacent to four 7+-faccs. Since G contains neither 
adjacent 3-vertices nor (3, 4, 3, 4)-faces, / is incident with at least two 4+- 
vertices. Furthermore, if / is incident with a 3-vertex, then / is either 
incident with a 5^-vertex or incident with three 4"'"-vertices. Therefore, 

c^'(/)>c.(/) + i + i+4.1 >0. (4) 

Thus, Lu'{x) > for each x € V{G)UF{G). By ©, © and Q, uj'{f) > 
if daif) = 3, 4. If G contains no 3- and 4-faces, then = (^{f) > for 

any face /. Therefore, < Exey(G)uF(G) '^'i^) = 'ExeviOuFiG) ^i^) = 0. 
a contradiction. 

Case 2. G ^ Q contains neither 6- nor 7-cycles. 

By the choice of G, we have the following observations. 

(02.1) G contains no 6- and 7-faces, no adjacent 3-faces, and no adjacent 

4-faces. 

(02.2) No 5-face is adjacent to 3- or 4-faces. 

(02.3) Each 3-face is adjacent to at most one 4-face and each 4-face is 

adjacent to at most one 3-face. 
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Let V he a, fc-vertex and / an /-face incident with v. Denote the numbers 
of 4~-faces and 5~-faces incident with v by ri and r2, respectively. By 
(02,2) and (02,3), we can see that ri < [^J and 3[^] + r2 < k + 1. 

The discharging rules are as follows: 

(R2.1) For fc = 4, W{v ^ /) = i if 3 < / < 4; W{v f) ^ -L a l = 5. 
(i?2,2) For k>5,W{v^f) = lifl = 3;W{v^f) = ^ifl = 4; 

{R2,3) An 8+-face transfers ^ to each of its adjacent 5 -faces. 

We now verify that cj'(x) > for any x e V{G) U F{G). 
lik = 3, then u>'{v) = uj{v) = 0. 

If fc = 4, then n < 2. Prom (02,2), ri = 2 impHes r2 = and r2 > 2 
implies ri = 0. Hence 3ri + r2 < 6 and u}'{v) > u}{v) ~ ~ f| = ^ ~ 
l^(3ri+r2)>0. 

If = 5, then ri < 3. If ri = 3, then r2 = and v is incident with 

a 4-facc. Hence > u!{v) - 2 ■ i - g = 0. If ri = 2, then r2 < 1 

and thus > u>{v) — 2 ■ j — jg > 0. If n < 1, then r2 < 2 and thus 

u;'{v)>u;{v)-\-^>0. 

If fc > 6, since G contains no adjacent triangles, v is incident with at 
most [|J 3-faces. If ri < [|J, then 

_ fe:^ _ 3(3r^l+r2)+9L^J-r2 

3 36 
^ 12fc-36-3(fc+l)-9L9-J+r2 ^ 9fc-33-9L|J . „ 

— 36 — 36 — ^" 

If ri > [|J, then v is incident with at least ri — [|j 4- faces and thus 
Lo'iv) > a;(^)-iL|J»i(ri-L|J)-l| 

^ fe-3 _ 9L|J+6ri-6L.|J+2r2 

_ fe^ _ 3L|J+2(3fn-1+r2)+6La-J 

~ 3 , 36 , , , 

12fc-36-3L|J-2(fc+l)-6L9^J 10fc-38-3L|j-6L|j ^ „ 

- 36 - 36 - 

Let / be an /i-face of G. 

If ft > 8, then, by (i?2,3), co'{f) > io{f) - A = > 0. 

If /i = 5, then / is incident with at least three 4+-vertices (note that 
G contains no adjacent 3- vertices) and, by (-R2.1) and (-R2.2), each of these 
4+-vertices transfers at least to / and hence Lo'{f ) > + ^ = if / 
is not adjacent to 8+-faces and 

u)'{f) = + T^ + 77T>0 if / is adjacent to at least one 8"'"-face. (5) 
18 24 

If h = 4, / is incident with at least two 4+ -vertices and is adjacent to 
at least three 8+-faces. Thus 

uj'{f)>u{f) + 2-^+3.^>0. (6) 
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If h = 3, f is adjacent to at least two 8"'"-faces of which each transfers 
^ to /. Therefore, uj'{f) >^ + i + i + 2- ^ = 0if/is incident with a 
5+-vertex and another 4+-vertex, and > ^ + 3 ■ ^ + 2 • ^ > if / 

is incident with three 4"'"-vertices. 

By w'{f) > for every 4-face /. From uj'{f) > for every 
5-face / adjacent to some S^-faces. If G contains no 4-faces, then every 
3-face is adjacent to three S^-faces that yields > for any 3- face 

/. If G contains no 5~-face adjacent to 8+-faces, then uj'{f) > for any 

8+-face /. So, < J2xev{G)uFiG)^'(^) = T.a^ev(G)uF(G)'^(^) = 0- This 
contradiction leads to the proof of Case 2 and thus Theorem ^ ■ 

Proof of Theorem|2j Assume to the contrary. Let G be a counterexample 
with the fewest vertices, i.e., there exists a list assignment L with |L(w)|=3 
for all V e V{G) such that G is not (L, l)*-choosable, but any proper 
subgraph of G is. 

If (5(G) < 3, let w be a 2-vertex of G. Then, G - v is (3, l)*-choosable 
by the choice of G. Since in any {L, l)*-coloring of G — there must exist 
a color in L(v) that is not used by any neighbors of v, any {L, l)*-coloring 
of G — u can be extended to a (L, l)*-coloring of G, a contradiction. So we 
assume that S{G) > 3. 

If G contains two adjacent 3- vertices, say u and v, then by the choice of 
G, G—{u, v} is (3, l)*-choosable. In any (L, l)*-coloring of G—{u, v}, there 
exists a color in L(u) that is not used by any neighbors of u in G — {u, v}, 
and the same holds for v. Applying the same argument as the above, we 
see that G is {L, l)*-choosable, a contradiction. 

Suppose that G contains a (3, 4, 4)-face / with the boundary xyzx, 
say, dcix) — 3 and dc{y) — do^z) — 4. Let H — G ~ {x,y,z}. By 
the choice of G, H admits an (L, l)*-coloring (p. For w G {x,y,z}, let 
L'(w) = L{w) \ {</>(u)|u G Nh{w)}. Then, \L'{x)\ > 2, \L'{y)\ > 1 and 
> 1. If L'{y) = L'{z), then color y and z with a same color 7 in 
L'{y) and color x with a color in L'{x) \ {7}. If L'{y) ^ L'{z), then color y 
with a color a G L' (y)\L' (z), color z with a color in L'{z), and color x with 
an arbitrary color in L'{x). In either case, we obtain an (L, l)*-coloring of 
G, a contradiction. 

By Theorem^ we may assume that G contains a (3, 4, 3, 4)-face / with 
the boundary xyzux. By symmetry, we assume that dcix) = dciz) = 
3 and dciy) = dc{u) — 4. Let F = G — {x,y,z,u\. By the choice 
of G, F admits an (L, l)*-coloring For w G {a:,y, z,?/}, let L'{w) — 
L{w) \ {i^{v)\v G Nf{w)}. Then, \L'{x)\ > 2, \L'iz)\ > 2, \L'{y)\ > 1 
and |i'(2:)| > 1. It is easy to verify that xyzu admits an (L', l)*-coloring. 
This together with ip yields an (L, l)*-coloring of G. This contradiction 
completes the proof of Theorem 13 H 
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